This paper is a contribution to the theoretical foundations of the theory of fuzzy dynamical systems. More precisely, we study relations between a given discrete dynamical system on the space X and its fuzzy counterpart -Zadeh's extension defined on the space of fuzzy sets on X. We provide a short discussion and a brief survey of some recent results devoted to various (especially chaotic) dynamical properties, a special attention is paid to fuzzifications on the space of fuzzy numbers, i.e., to fuzzy sets with connected α-cuts.
Introduction
In this paper by (X, d X ) we denote a compact metric space with the metric d X . A discrete dynamical system is considered to be a pair (X, ϕ). For other notions and notations mentioned in this section, we rather refer to Section 2. It is known ( [21] ) that any given (crisp) discrete dynamical system (X, ϕ) uniquely induces a dynamical system (F(X),φ) that is defined on the space F(X) of all fuzzy compact subsets of X. The map ϕ is usually called fuzzification (or Zadeh's extension) (see (3) ).
The current situation is the following -shortly speaking, fuzzy dynamical systems defined in this way are often used in various applications (see e.g., [20] , [5] and included references) and several methods for their effective simulations have been invented (e.g., [8] ) until now. However, our knowledge concerning dynamical behavior of such fuzzy discrete dynamical systems is rather poor despite of the fact that the classic topological dynamics (the theory of dynamical systems) has been developed for decades. Our current problem is to study and clarify relations between the original dynamical system (X, ϕ) and its induced fuzzy counterpart. There are several papers devoted to this question -for example, we can mention [9] , [17] , [18] , [6] and [15] where various dynamical properties of fuzzy discrete dynamical systems were studied in general.
However the problem is still far from being solvedfor instance, from the practical point of view it is reasonable to pay our attention especially to the space of fuzzy numbers (i.e., fuzzy sets with connected α-cuts) and not to answer only generally stated questions. The aim of this paper is to provide a brief survey of some recent results and also a short discussion on which dynamical properties can be useful to study (especially in the space of fuzzy numbers). This contribution also contains some new results -the most interesting results (namely, Theorems 3 and 4) claim that the set-valued extension of any crisp discrete dynamical system is a dynamical factors of the fuzzy dynamical system induced by the same dynamical system. As consequences of mentioned theorems various recently established results can be easily obtained.
The structure of this paper is the following -several basic notions are introduced mainly in Section 2. Then we discuss the density of the set of periodic points in Subsection 3.1, we continue with various dynamical properties related to the transitivity in Subsection 3.2 and, at the end, we discuss the size of topological entropy in various spaces of fuzzy sets in Subsection 3.3. Finally, it is common to finish with some concluding remarks (see Section 4).
Preliminaries
Let (X, d X ), N and I be a compact metric space, the set of integers and the interval [0,1], respectively. As usually, int(A), A denote the interior and topological closure of a given set A ⊆ X.
For a discrete dynamical system (X, ϕ) and a given point x ∈ X, we establish basic notions from topological dynamics. The n-th iteration of the point x is defined inductively by
for any n ∈ N. Then, the sequence {ϕ n (x)} n∈N of all iterations of x is called the trajectory and points of this trajectory form a set called orbit of the point x. Sometimes we distinguish between forward and backward trajectory, resp. orbit. Limit points of considered trajectories are called ω-limit points of the point x, and the union ω ϕ (x) of all ω-limit points of the point x is the ω-limit set of the point x with respect to the map ϕ. Iterations, trajectory and other notions of a given set A ⊆ X can be defined analogously.
Simpler ω-limit sets can have special names -we say that the point x ∈ X is fixed if ϕ(x) = x or periodic if ϕ k (x) = x for some k ∈ N. Then the minimal k satisfying this condition is called a period of x. Moreover, ω(ϕ) and P (ϕ) denote the set of ω-limit and periodic points of the map ϕ, respectively.
Consider now two discrete dynamical systems (X, ϕ) and (Y, ψ). If there exists a continuous surjective map h : X → Y such that h • ϕ = ψ • h, the map h is called a semiconjugacy, (X, ϕ) and (Y, ψ) are semiconjugated and (Y, ψ) is a dynamical factor of (X, ϕ), respectively. If such a map h is bijective, it is called conjugacy and we say that (X, ϕ) and (Y, ψ) are conjugated. It is well known (e.g., [3] ) that numerous dynamical properties (e.g., the size of topological entropy) are preserved by conjugacies, resp., are inherited by semi-conjugacies.
Chaotic Properties
A given continuous map ϕ : X → X (notation ϕ ∈ C(X)) is called transitive if for any non-empty open subsets U, V ⊆ X, there exists an integer k such that k-th iteration of U intersects V . The map ϕ is totally transitive if the each iteration ϕ n of ϕ is transitive, n ∈ N. The map ϕ is weakly mixing if the product map ϕ × ϕ : X × X → X × X is transitive. The map ϕ is called strongly mixing (resp., shortly mixing) if for any non-empty open subsets U, V ⊆ X there exists a threshold m ∈ N for which ϕ
The map ϕ is topologically exact (or simply exact or locally eventually onto) if for any non-empty subset U ⊆ X, some iteration of ϕ covers the whole space X.
The following implications are currently known among the properties mentioned above:
exactness ⇒ strong mixing ⇒ weak mixing ⇒ total transitivity ⇒ transitivity.
(
We say that a map ϕ : X → X is Devaney chaotic if it is transitive and has dense set of periodic points in X. If X is infinite, these two conditions ensures (for details see [4] and [10] ) that the map ϕ depends sensitively on initial conditions. There are also other variants of Devaney chaos (namely, exact Devaney chaos and total Devaney chaos) that are defined by replacing the notion of transitivity by exactness or total transitivity, respectively, in the definition of Devaney chaos.
Topological entropy
Now we introduce the definition of topological entropy. It is a commonly accepted tool (resp. number) representing the dynamical complexity of ϕ (or the dynamical system (X, ϕ)). Let K ⊆ X be compact and fix ε > 0 and n ∈ N.
It is known that s(ε, K, ϕ) increases when ε decreases. Now the topological entropy of ϕ is
If the space X is compact, then
However, if X is not compact, we use the following definition ( [7] ) of topological entropy (see also [6] for further details):
where K in(ϕ) (X) denotes the set of ϕ-invariant (i.e., ϕ(A) ⊆ A for each A ⊆ X) compact subsets of X.
Spaces of fuzzy Sets
Let us introduce spaces of fuzzy sets we consider in this contribution and their topological structures. For nonempty closed subsets A, B of X, the Hausdorff metric between A and B is defined, as usually (e.g. [12] ), by
where U ε (A) denotes an open ε-neighborhood of the set A.
Later we work with the space K(X) of all nonempty compact subsets of X equipped with the Hausdorff metric D X and also with its topological subspace K c (X) consisting of nonempty connected closed subsets of X. It is well known (e.g., [16] ) that the mentioned spaces (K(X), D X ) and (K c (X), D X ) are compact, complete and separable for X possessing the same three properties.
Now we would like to introduce some spaces of fuzzy sets. Formally, a fuzzy set A on the space X is a function A : X → I. The α-cuts (or the α-level sets) [A] α and the support supp(A) of a given fuzzy set A are defined as usually -
Within this contribution we consider the system F(X) of all upper semi-continuous fuzzy sets A on X. Moreover, for α ∈ (0, 1], put
and let F 1 (X) denote the system of normal fuzzy sets on X. The space F c (X) of so-called fuzzy points (or fuzzy numbers) consisting of A ∈ F(X) for which each nonempty α-cut is connected in X is also studied. Finally, by an empty fuzzy set ∅ X we call a map ∅ X (x) = 0 for each x ∈ X, F 0 (X) denotes the system of all nonempty fuzzy sets and
The following metric is usually taken on the space of nonempty fuzzy sets.
This equality defines the levelwise metric correctly for non-empty fuzzy sets A, B ∈ F 0 (X) with identical maximal values, since the Hausdorff distance D X can be measured only between two non-empty closed subsets of the space X. However there is a relatively easy way to cope with this problem ( [13] ).
It is known that considered spaces of fuzzy sets (F(X), F 1 (X), F 1 c (X) and F c (X)) equipped with the levelwise topology, i.e. the metric topology induced by d ∞ , are complete but are not compact and are not separable (see [13] and references therein) in general. It should be noticed that the metric d ∞ is one of the three most commonly used metrics in fuzzy topological dynamics and the levelwise topology induced by d ∞ is stronger than the others (denoted by d E and d S ) -for more details we refer again to [13] and references therein. From this point of view it is natural to study various dynamical properties in the levelwise topology since many properties can be easily shifted to the remaining topological structures.
Zadeh's and Set-valued Extensions
In this subsection we specify which extensions can be induced by a given discrete dynamical system (X, ϕ). Its set-valued extension is a self-mapφ on K(X) defined by the expression
for any A ∈ K(X). It is well known thatφ is continuous when the space K(X) is endowed with the metric topology (called Vietoris topology) induced by the Hausdorff metric D X . We also consider its restriction ϕ c :=φ| Kc(X) to the space of closed connected subsets of X.
However, ϕ ∈ C(X) can be naturally extended to the space of fuzzy sets on X. Namely, a fuzzification (or Zadeh's extension) of the dynamical system (X, ϕ) is a mapφ : F(X) → F(X) defined by the expression
for arbitrary A ∈ F(X) and x ∈ X. Some time ago the continuity of the fuzzificatioñ ϕ : F(X) → F(X) was proved (see [18] ) provided ϕ : X → X is continuous too. The last statement was recently generalized about the case of locally compact metric spaces in [13] . Finally, it is obvious that the continuity is preserved for any restriction ofφ, for instance, forφ c :=φ| Fc(X) defined on the space of fuzzy numbers.
It is known ( [9] ) that the original map (resp. its setvalued extension) and its fuzzification are related via α-cuts, i.e. for any α ∈ (0, 1] and any A ∈ F(X),
Similarly also the equality ϕ(supp(A)) = supp(φ(A)) can be proven. Thus, we may distinguish several discrete dynamical systems -namely, the original (crisp) one (X, ϕ), the set-valued (induced) ones (K(X),φ), (K c (X),φ) and the fuzzy (fuzzified) ones (F(X),φ), (
etc. It is known ( [13] ) that the original dynamical system is a factor of none of remaining dynamical systems we consider here. However in this paper we show that set-valued extensions are dynamical factors of relevant fuzzified ones.
We conclude this subsection with a simple observation.
Proof. Consider a map x → {x} and characteristic functions x → χ {x} , A → χ A for x ∈ X and A ⊆ X, respectively.
Symbolic dynamics
To construct some subsequent examples we need some notions from symbolic dynamics. Namely, if we fix n ∈ N, Σ n = {0, 1, 2, . . . , n − 1} N denotes the space of all one-sided sequences of n symbols and x i denotes i-th coordinate of x ∈ Σ n for i ∈ N, i.e. x = x 1 x 2 x 3 . . .. The metric δ n on Σ n is defined as follows -for any two sequences
It is known that the metric space (Σ n , δ n ) is also compact and separable. Let
denote the set of sequences z ∈ Σ n for which z i = x i for i ∈ {1, 2, . . . , k}. Finally, we define an adding machine τ : Σ 2 → Σ 2 as usually by
where the addition in this expression is in the base two and from the left to the right. For instance,
Finally, a shift map σ n : Σ n → Σ n is defined by σ n (x 1 x 2 x 3 x 4 . . .) = x 2 x 3 x 4 . . .. It is well known that this map has various specific dynamical properties, e.g., σ n is exact or P (σ n ) is dense in Σ n and so on.
Main Results
Let us shortly summarize recent progress in the task established at the beginning of this paper. We would like to mention [13] where some basic facts on fuzzifications have been explained. Then, probably the first paper where relations among chaotic properties (Li-Yorke chaos, ω-chaos etc.) that are mutually inherited between the original system (X, ϕ) and its fuzzy counterpart (F 1 (X), Φ) was [15] . However, three versions of Devaney chaos were not studied therein. Consequently, the same problem devoted to Devaney chaotic fuzzy dynamical systems was solved in [14] recently. In the rest of this section we recall some of those results and we discuss analogous results for fuzzifications defined on the space of fuzzy numbers. First we restrict our attention to notions related to Devaney chaotic maps -namely to the periodic density and transitivity.
Periodic Density
In this section we provide results concerning density of the set of periodic points. We show via piecewise constant fuzzy sets that periodic densities of the set-valued and fuzzy extension of the original system coincide.
We
Lemma 2 ([14])
For any B ∈ F(X) and ε > 0 there exists a piecewise constant A ∈ F(X) such that d ∞ (A, B) < ε, i.e., the set of piecewise constant fuzzy sets is dense in F(X).
For completeness, since max A = max B for each pair A, B ∈ U , it is possible to show that the set of piecewise constant fuzzy sets is dense also in each F β (X) for each β ∈ (0, 1]. It was proved recently that if ϕ ∈ C(X) has dense set of periodic points then bothφ andφ have the same property (see [18] and [19] ). The converse implications are not valid -this fact can be demonstrated on any adding machine.
It is well known that any set A ⊆ K(Σ 2 ) of the form (5) (5) is periodic with respect to the mapτ with period 2 k . We can easily show even more, namely that the set of periodic points ofτ is dense in K(Σ 2 ).
Lemma 3 ([14]) P (τ ) is dense in K(Σ 2 ).
This result shows that an adding machine serves as a counterexample to (6) since we are able to prove the following relationship betweenφ andφ.
Theorem 1 ([14]) Let ϕ ∈ C(X).
Thenφ is periodically dense in F(X) (resp. F α (X) for any α ∈ (0, 1]) if and only ifφ is periodically dense in K(X).
For completeness (see e.g., [2] ), we recall that any adding machine represents an infinite minimal set, i.e. nonempty closed invariant set such that no proper subset has the same three properties. Obviously no infinite minimal set contains a periodic point. Consequently, it follows from Theorem 1 that
Similar result we obtain for the fuzzification restricted to the space of fuzzy numbers. Really, since the space Σ 2 is totally disconnected, K c (Σ 2 ) consists of singleton sets, i.e. K c (Σ 2 ) = Σ 2 . By the minimality of Σ 2 ,φ| Kc(Σ2) has no periodic point. On the other hand, Lemma 3 claims that P (τ ) is dense in K(Σ 2 ), i.e. P (φ| Kc(Σ2) ) dense ⇒ P (φ) dense.
By using similar argument we can easily see that when the initial space is totally disconnected, then the condition
Similar argument can be used for
whenever the initial space X is totally disconnected. On the other hand, when X is connected then this condition can be easily violated even in one-dimensional spaces. To demonstrate this we present the following example.
Example 1 Consider an interval map f : I → I known as a tent map a defined by
It is easy to see that, for any nonempty open U
Recall that U ⊆ f (U ) ensures a fixed point in U . Then the second condition implies the existence of a periodic point of period n in U (hence P (f ) is dense in I) and the first condition implies that no nondegenerated interval distinct from I can be periodic (hence P (f c ) is not dense in I).
Remark 1 Similar arguments can be used to demonstrate that f from Example 1 is transitive whilef c is not.
There exists a relatively easy formal justification of the phenomenon demonstrated in Example 1 that is valid for all interval maps. Namely, for f ∈ C(I) with dense set of periodic points, we have just two possibilities (see e.g., [2] ) -either each point is periodic or P (f ) is not closed. The first case obviously tends to the fact that either each point is fixed or there exists the unique fixed point and remaining point are periodic points of period 2. In both cases, P (f c ), P (f c ) are also closed. This case is not demonstrated by the tent map.
Further, the second case (P (f ) is dense but not closed) occurs only for interval maps possessing socalled basic set, i.e., maximal ω-limit set containing periodic points. Basic sets are ω-limit sets that are covered by periodic trajectory of some periodic interval J of period p such that f p | J is mixing. This property immediately implies that no proper nondegenerated subinterval of J can be periodic.
Transitivity and related properties
In fact, we knew only a few results about transitive fuzzy dynamical systems so far. Recently, [18] H. Román-Flores and his colleague proved that the transitivity of the fuzzificationφ implies the transitivity of the original map ϕ. They also showed by using an irrational rotation on the unit circle as the crisp dynamical system that the converse implication is not valid. It can be easily seen that (see [15] ), by using (4), no fuzzification can be transitive on the whole space F(X) of fuzzy sets.
Consequently, it was necessary to restrict our attention to more reasonable subspaces of fuzzy sets -for instance, to the space F 1 (X) of normal fuzzy sets. Recently we proved that fuzzification on the space F 1 (X) of normal fuzzy sets can be transitive.
Theorem 2 ([14])
The space of normal fuzzy sets equipped by the topology induced by the levelwise metric admits a transitive fuzzification.
Remark. To prove this theorem we used a shift map σ n and the fact that σ n is mixing. It seems that this assumption cannot be weakened by weak or mild mixing, for instance. It is not sufficient the original dynamical system to be only transitive or totally transitive -then any irrational rotation on the unit circle serves as the counterexample.
According to the previous remark, the following relationship between the original map ϕ and its fuzzification can be proved.
And we also proved that the transitivity of the fuzzified system implies that the original system is also transitive.
Lemma 4 ([14])
Let (X, ϕ) be a discrete dynamical system. If its fuzzificationφ is transitive on (F 1 (X), d ∞ ) then the map ϕ has the same property.
In the remaining part of this section let us concern mainly to the space F 1 c (X) of fuzzy numbers on X. We can follow the approach that was used in [18] or [15] for investigating relations between ϕ and its fuzzification.
It can be shown that there exists an operator connecting topological structures of the set-valued and fuzzified dynamical systems. Namely, for any U ⊆ K(X) we define
For instance, the following properties of this operator were proved.
Remark. We explained in [14] that properties (i)-(iv) in the last lemma can be proved for the space of fuzzy points F 1 c (X). In this case an operator
has to be considered instead of ϑ.
By using the operator ϑ several propositions can be deduced, e.g., see the following results and look in [18] .
With respect to the remark following Lemma 5, technical proofs of the mentioned propositions can be applied also to normal fuzzy sets with connected α-cuts. Therefore we immediately obtain the following statements.
Now we would like to present that there exists another (simpler and more general) way how to prove results of that kind. We easily prove that set-valued discrete dynamical system is a dynamical factor of the fuzzy one. This allows us immediately to obtain numerous results explaining relations between these dynamical systems.
Theorem 3 For any dynamical system (X, ϕ), there exists a semiconjugacy h :
Proof. Consider a dynamical system (X, ϕ) and its extensions (K(X),φ) and (
Now let α ∈ I be fixed and a map h α : F 1 (X) → K(X) be defined as follows:
It is easy to see that any A ∈ F 1 (X) belongs to the unique set E α , i.e., h α is well defined. Further, for any U ∈ K(X) we have E α (U ) = ∅, i.e., h α is surjective. If any sequence {A n } n∈N ⊆ F 1 (X) converges to A 0 ∈ F 1 (X) in the levelwise topology, the definition of d ∞ directly implies the uniform convergence of
To finish this proof it suffices to show h α •φ =φ • h α . But this equality follows by the choice of h α and (4). Thus, h = h α is the desired semiconjugacy for any α ∈ I.
An analogous proof can be prepared for the space F 1 c (X) of fuzzy numbers on X and for F(X), respectively.
Theorem 4 For any dynamical system (X, ϕ), there exists a semiconjugacy h :
Remark 2 For completeness, let us stress ( [13] ) that in general there is no semiconjugacy between the original dynamical system (X, ϕ) and its extensions (F 1 (X),φ) and (K(X),φ), respectively, and that the same holds for (F 1 c (X),φ) and (K c (X),φ).
The last two theorems have several immediate consequences since many dynamical properties are preserved by semiconjugacies. For instance, by using the definition of semiconjugacy, it is an easy exercise to prove Propositions 2-4 and 5-7 and other results of that kind.
We have not mentioned yet whether, for a dynamical system (X, ϕ), any fuzzificationφ c on F 1 c (X) is transitive. There is no general answer to this task, the answer depends on the topological structure of X. For instance, if (X, ϕ) is transitive and the space X is totally disconnected (e.g. σ n on Σ n ) then there exists a bijection (in fact, a conjugacy) x → χ {x} between (X, ϕ) and (F 1 c (X),φ c ) and hence the fuzzification is transitive.
On the other hand, it is known (for details and references see e.g. [1] ) that certain compact metric spaces (e.g. arcs, intervals, dendrites, continua containing a free arc, irreducible continua of the type λ etc.) do not admit a transitive set-valued extensionφ on K c (X). We immediately obtain from Proposition 5 that no fuzzificationφ is transitive on the space of fuzzy numbers on such spaces. Consequently, by (1) the fuzzification on such spaces does not admit other common dynamical properties and cannot be exact, strongly mixing, mildly mixing, totally transitive etc. and hence (c.f., exact, totally) Devaney chaotic.
Corollary 1 ([14])
There are dynamical systems (X, ϕ) such that their fuzzifications are not transitive on F 1 c (X).
Remark 3
Within the last two subsection we demonstrated (see Corollary 1 and Example 1) that fuzzifications of the simplest one-dimensional dynamical systems (those given by interval maps) does not admit the same dynamical properties as the original dynamical system. Therefore, it doesn't make sense to consider whether various Devaney's chaoses for such fuzzifications.
Topological entropy
However, it has been proved recently [6] that the notion of topological entropy is a reasonable instrument to be considered for fuzzifications on the space of fuzzy numbers. In fact, Theorem 5 is the first result pointing out from the mathematical point of view that the set-valued and fuzzy dynamical systems admit distinct dynamical complexities.
Let us recall some basic notions at first. It is well known that the topological entropy is monotone, i.e.,
According to embeddings we mentioned in Lemma 1 we have
and
for any dynamical system (X, ϕ). As it is expected, the inequalities in (7) can be strict as it was shown for set-valued ( [11] ) and also fuzzy extensions ( [6] ). In the latter case we proved that very simple dynamics of the original space ensures maximal (i.e., infinite) topological entropy of the fuzzification. Example 2 Let f ∈ C(I) be defined by f (x) = x 2 . This map provides very simple dynamics on I. This map possesses ω-limit set consisting of just two fixed points 0 and 1 and trajectories of remaining points converge to 0. Thus f has zero topological entropy but ent(f ) = ∞ by Theorem 5.
In the proof of Theorem 5 we used the fact that α-cuts of chosen fuzzy sets admits unbounded number of connected components. When only limited number of connected components is admissible, we can obtain much more optimistic results.
In fact, analogous, more optimistic results can be expected for graphs, circler, trees etc. since these compact spaces possess similar structures of the set of ω-limit points. But they cannot be expected in general -it is already known ( [1] ) that there are spaces (e.g., dendrites) Y and maps ψ : Y → Y such that even the setvalued extension has infinite topological entropy, i.e., ent(ψ c ) = ∞.
Conclusions
We contributed to the problem that was established in several papers -e.g. in [12] , [9] or [18] . We studied relations among dynamical properties between a given discrete dynamical system and its Zadeh's extension that was considered on the space of fuzzy sets and fuzzy numbers, respectively.
We provided a brief introduction to the problem mentioned above -especially we discussed dynamical properties related to various Devaney chaoses (i.e., the periodic density and transitivity) and we clarified that positive relations between (X, ϕ) and (F 1 c (X),φ c ) can be hardly expected. Note here that some positive relations are kept in general (see [14] for complete solution).
Additionally, we proved that set-valued extensions of (X, ϕ) are dynamical factors of fuzzy ones. And finally, we clarified that, unlike various Devaney chaoses, the notion of the topological entropy seems to be a reasonable instrument for studying dynamical complexity of fuzzifications defined on the space of fuzzy numbers.
